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Abstract
Maximally supersymmetric mass deformation of the Bagger-Lambert-Gustavsson (BLG)
theory corresponds to a non-central extension of the d = 3 N = 8 Poincare´ superalgebra
(allowed in three dimensions). We obtain its light-cone superspace formulation which has
a novel feature of the dynamical supersymmetry generators being cubic in the kinematical
ones. The mass deformation picks a quaternionic direction, described by Ωm
n, which breaks
the SO(8) R-symmetry down to SO(4)×SO(4). The Hamiltonian of the theory is shown to
be a quadratic form of the dynamical supersymmetry transformations, to all orders in the
mass parameter, M , and the structure constants, fabcd.
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1 Introduction
The Bagger-Lambert-Gustavsson (BLG) theory [1, 2, 3] is the maximally supersymmetric and
superconformal three-dimensional gauge theory of Chern-Simons type. It has rigid symmetry
described by the superconformal group OSp(2, 2|8) and local symmetry described by the 3-Lie
algebra with structure constants f bcda. This theory has a very interesting mass deformation [4, 5],
which breaks the conformal symmetries while preserving all of the maximal supersymmetry. The
resulting symmetry group is a non-central extension of the d = 3 N = 8 superPoincare´ group
[6, 7]. Such an extension is forbidden in four and higher dimensions [8, 9], which makes this
three-dimensional theory very special.
As is well-known, supersymmetric theories enjoy living in superspace. The latter comes in
two varieties: off-shell superspace [10] (best suited for minimal supersymmetry) and on-shell
superspace [11] (best suited for maximal supersymmetry [12]). The former requires additional
auxiliary fields, whereas the latter operates with only physical degrees of freedom. Light-cone
1
(LC) superspace is the best known example of on-shell superspace. It has been used, in particu-
lar, to prove the UV finiteness of the N = 4 super-Yang-Mills [13, 14]. One surprising feature of
the LC superspace is that the LC superspace Hamiltonian of a maximally supersymmetric theory
(in all the cases studied to date) appears to be a quadratic form of the dynamical supersymmetry
transformation of the basic superfield [15, 16, 17, 18]. In the LC superspace formulation of the
BLG theory [19, 17, 18], this has been verified [18] to linear order in fabcd. In this paper, we
will prove that this property holds to all orders in fabcd.
Attempting to construct the LC superspace formulation of the mass-deformed BLG theory
from scratch, by solving the constraints imposed by the symmetry group (as in [18]), one would
encounter (at least) two problems. First, the dynamical supersymmetry generators, Q’s, must
be cubic in the kinematical supersymmetry generators, q’s, because in the commutator of two
supersymmetries one must find an R-symmetry transformation which is quadratic in q’s. At the
same time, in the commutator of two Q’s there should be no terms quartic in q’s, as no such
symmetry generators exist. The apparent quartic terms must somehow cancel. Second, the mass
deformation should break the SO(8) R-symmetry of the BLG theory down to SO(4) × SO(4).
And it is not a priori obvious how to accomplish this in the LC superspace setting best suited
for keeping SU(4) R-symmetry manifest.
In this paper, we will perform the top-down reduction [17] of the known (covariantly formu-
lated) mass-deformed BLG theory [4, 5] to its LC superspace form. This allows us to solve the
above mentioned problems. In the covariant formulation, the mass parameter is accompanied
by the 32×32 matrix Γ3456 (the product of four 11-dimensional gamma matrices) which in our
conventions is
Γ3456 = i

+
−
+
−
⊗
(
Ωmn
0 Ωm
n
)
, (1.1)
where Ωmn = −Ωnm is one of the quaternionic matrices in the algebra of SO(4) ⊂ SU(4). We
will see that this matrix intertwines the SO(8) R-symmetry generators [18] (T nm, Tmn, T
mn and
T ) in a way that reduces the R-symmetry group to SO(4) × SO(4). We will also see that Q’s
are indeed cubic in q’s, whereas the following identity
δm[nΩk
lΩr
sqtqs] = 0 (1.2)
is responsible for the absence of terms quartic in q’s inside the commutator of two Q’s.
We will see that the mass deformation affects the dynamical supersymmetry transformations,
but not the kinematical ones. (Therefore, mass is treated as an interaction in LC superspace.)
The modification is fairly simple, given that the mass parameter, M , never multiplies the struc-
ture constants, f bcda. The modification at the Lagrangian level is more involved, but once we
show that the LC superspace Hamiltonian of the mass-deformed BLG theory is a quadratic form
of the dynamical supersymmetry transformations, the overall structure becomes quite simple.
In Section 2, we analyze the mass-deformed BLG theory with f bcda set to zero (i.e. the
“abelian” version of the theory) and with the gauge indices on the fields accordingly suppressed.
The indices will be reintroduced together with f bcda in Section 3. Some technical details (includ-
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ing the major part of the proof of the quadratic form property of the LC superspace Hamiltonian)
are delegated to the Appendices. Throughout the paper, we follow the conventions of [17].
2 The abelian theory
In this section, we will analyze the mass-deformed BLG theory [4, 5] with f bcda = 0. In the
covariant formulation, the field content of the theory consists of eight scalars, XI , I = 3, . . . , 10,
and a single 32-component Majorana spinor, Ψ, satisfying an additional constraint Γ012Ψ = −Ψ.
On-shell, there are 8 bosonic and 8 fermionic degrees of freedom. They fit nicely into the
LC superfield φ [12]. Our goal is to find how φ varies under supersymmetry transformations.
In the covariant formulation, the latter are described by a 32-component Majorana spinor,
ǫ, satisfying Γ012ǫ = +ǫ. In the LC superspace formulation, ǫ is reduced to 8 kinematical
supersymmetry parameters, αm and αm = (α
m)∗, and 8 dynamical supersymmetry parameters,
βm and βm = (β
m)∗; m = 1, 2, 3, 4. We will see that the mass deformation affects only the
latter, and that the mass parameter, M , appears multiplied by a matrix Ωm
n that breaks the
SO(8) R-symmetry down to SO(4) × SO(4). We will close this section with the discussion of
the Hamiltonian, H, and the dynamical Lorentz boost generator, J −.
2.1 Covariant formulation
The action of the abelian mass-deformed BLG theory is S =
∫
d3xL with
L = −1
2
(∂µX
I)(∂µXI) +
i
2
ΨΓµ∂µΨ− 1
2
M2XIXI +
i
2
MΨΓ3456Ψ , (2.1)
where µ = 0, 1, 2 and I = 3, 4, 5, 6, 7, 8, 9, 10. The symmetries of this action are
• translations, with parameters vµ,
δvX
I = vµ∂µX
I , δvΨ = v
µ∂µΨ ; (2.2)
• Lorentz transformations, with parameters λµν = −λνµ,
δλX
I = λµνxµ∂νX
I , δλΨ = λ
µνxµ∂νΨ+
1
4
λµνΓµνΨ ; (2.3)
• SO(4) × SO(4) R-symmetry transformations,
δRX
i = RijXj , δRX
i′ = Ri
′j′Xj
′
, δRΨ =
1
4
RijΓijΨ+
1
4
Ri
′j′Γi′j′Ψ , (2.4)
where i = 3, 4, 5, 6 and i′ = 7, 8, 9, 10; the parameters Rij = −Rji parametrize the first
SO(4), and Ri
′j′ = −Rj′i′ parametrize the second SO(4);
• supersymmetry transformations, with the parameter ǫ,
δǫX
I = iǫΓIΨ, δǫΨ = Γ
µΓIǫ∂µX
I −MΓ3456ΓIǫXI . (2.5)
3
The algebra of these symmetries closes on-shell, i.e. provided the equations of motion implied
by (2.1),
(∂µ∂µ −M2)XI = 0, (Γµ∂µ +MΓ3456)Ψ = 0 , (2.6)
are satisfied. The key commutator is that of two supersymmetries, for which we find
[δǫ1 , δǫ2 ] = δv + δR , (2.7)
where (note that our conventions are such that Γ789(10) = −Γ3456Γ012)
vµ = −2i(ǫ2Γµǫ1), Rij = 2iM(ǫ2ΓijΓ3456ǫ1), Ri′j′ = 2iM(ǫ2Γi′j′Γ789(10)ǫ1) . (2.8)
As the commutator of two supersymmetry transformations yields the R-symmetry transforma-
tion (in addition to the standard translation), this algebra is a non-central extension of the d = 3
N = 8 superPoincare´ algebra. 1
2.2 LC supersymmetry transformations: component form
Using the LC projectors, P+ = −12Γ+Γ− and P− = −12Γ−Γ+, we define ǫ± = P±ǫ and Ψ± =
P±Ψ [17]. The fermionic equation of motion in (2.6) can then be used to solve for Ψ−,
Ψ− =
1
2∂+
Γ−(Γ2∂ +MΓ3456)Ψ+ , (2.9)
where ∂+ = 1√
2
(−∂0+∂1) and ∂ = ∂2. From now on, only variations of Ψ+ need to be considered.
The transformations (2.5) split into the kinematical supersymmetry transformations,
δǫ−X
I = iǫ−ΓIΨ+
δǫ−Ψ+ = Γ+Γ
Iǫ−∂+XI , (2.10)
and the dynamical supersymmetry transformations,
δǫ+X
I =
i
2∂+
ǫ+Γ
IΓ−(Γ2∂ +MΓ3456)Ψ+
δǫ+Ψ+ = (Γ2∂ −MΓ3456)ΓIǫ+XI . (2.11)
As the mass deformation does not affect the kinematical supersymmetry transformations (2.10),
the fitting of the degrees of freedom into the LC superfield φ is as in [17]. The eight scalars XI
define the bosonic components of φ as follows,
A =
1√
2
(X3 + iX4)
Cmn =
1√
2
(η1X
5 + η2X
6 + η3X
7) +
i√
2
(η˜1X
8 + η˜2X
9 + η˜3X
10) , (2.12)
1 This superalgebra (with 16 supercharges) is described in Appendix E.2 of [7]. It is a doubled version of the
superalgebra with 8 supercharges given explicitly in Appendix E.1 of [7] and described after eq. (48) in [6].
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where (ηa)mn and (η˜a)mn, a = 1, 2, 3, are six 4×4 matrices (the so-called ’t Hooft symbols [20, 21])
whose explicit form and properties are given in Appendix A. The 8 fermionic components in
Ψ+ define the fermionic components of φ as follows,
Ψ+ =
(
ψm+
ψm+
)
, ψm+ =

0
0
χm
0
 , ψm+ =

0
χm
0
0
 ; χm = (χm)∗ . (2.13)
The 8 fermionic parameters in ǫ− define the kinematical supersymmetry parameters α,
ǫ− =
(
ǫm−
ǫm−
)
, ǫm− =

0
0
0
αm
 , ǫm− =

−αm
0
0
0
 ; αm = (αm)∗ , (2.14)
whereas the 8 parameters in ǫ+ define the dynamical supersymmetry parameters β,
2
ǫ+ =
(
ǫm+
ǫm+
)
, ǫm+ =

0
βm
0
0
 , ǫm+ =

0
0
βm
0
 ; βm = (βm)∗ . (2.15)
The component form of the kinematical supersymmetry transformations is as in [17],
δǫ−A = i
√
2αmχm
δǫ−χm = 2∂
+
(
Aαm + Cmnα
n
)
δǫ−Cmn = −i
√
2
(
αmχn − αnχm + εmnklαkχl
)
, (2.16)
whereas in the dynamical supersymmetry transformations we find O(M) modifications,
δǫ+A = −
1
∂+
(
βm∂χm + iMβ
mΩm
nχn
)
δǫ+χm = −i
√
2∂
(
Aβm − Cmnβn
)
−
√
2MΩm
n
(
Aβn − Cnkβk
)
δǫ+Cmn =
∂
∂+
(
− βmχn + βnχm + εmnklβkχl
)
− iM
∂+
(
(βmΩn
k − βnΩmk)χk − εmnklβkΩslχs
)
, (2.17)
where we defined Ωm
n ≡ (η3)mn (see Appendix A), so that 3
Ωm
n =

+
−
+
−
 = (Ωmn)∗ ≡ Ωmn = −Ωnm, ΩmkΩkn = −δnm . (2.18)
2 In [17], the parameters of the dynamical supersymmetry were called ηm. Now we use βm instead, in order
to avoid confusion with the ’t Hooft symbols, which are used extensively in this paper.
3 In the matrix-to-second-rank-tensor correspondence, we assign the left index to the rows and the right index
to the columns. Then, for example, Ω1
2 = +1 and Ω2
1 = −1. Also, Ωm
n = Ωmn expresses the reality of Ω,
whereas Ωm
n = −Ωn
m expresses its antisymmetry. For a symmetric matrix (such as I4 corresponding to δm
n)
there is no need to distinguish between left and right indices, and so we write simply δnm.
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Note also that Ωm
m = 0, which is frequently used in what follows.
2.3 LC supersymmetry transformations: superfield form
The component fields enter the superfield φ in such a way that [17]
φ| =
1
∂+
A, dmφ| =
i
∂+
χm, dmnφ| = −i
√
2Cmn
dmnkφ| = −
√
2εmnklχ
l, dmnklφ| = 2εmnkl∂+A . (2.19)
The superfield φ is chiral, dmφ = 0, and satisfies the reality condition (“inside-out constraint”)
φ ≡ φ∗ = d[4]
2∂+2
φ, d[4] ≡ d1d2d3d4 . (2.20)
The same constraints must then be satisfied by the supersymmetry variation superfield δǫφ. For
the kinematical supersymmetry transformations, the answer is
δǫ−φ =
√
2(αmqm − αmqm)φ . (2.21)
It is easy to verify that this reproduces (2.16) using that
{qm, qn} = Zδmn , {dm, dn} = −Zδmn , Z ≡ i
√
2∂+ , (2.22)
and that the θ = 0 projection (denoted by “|”) of q’s is equal to the projection of d’s. For the
dynamical supersymmetry, we write
δǫ+φ = (η
mQm − ηmQm)φ , (2.23)
where Q’s must have a part linear in q’s and a part cubic in q’s. The superfield transformation
should reproduce (2.17) upon projection. We already know the answer for the M -independent
part of Q’s [17]. For the M -dependent part, we choose the most general ansatz and then fix the
coefficients accordingly. The final result of this analysis is
Qm = +i
∂
∂+
qm − M
Z∂+
(ZΩm
nqn +Ωm
nqkqnk − Ωknqkqnm)
Qm = −i ∂
∂+
qm +
M
Z∂+
(ZΩn
mqn +Ωn
mqkq
nk − Ωnkqkqnm) . (2.24)
where qnk ≡ qnqk. Direct evaluation then yields
{Qm, Qn} = i
√
2
1
∂+
(∂2 −M2)δmn , (2.25)
which confirms the correctness of the result. The terms quartic in q’s cancel thanks to the
following identity {
δmn (Ωk
lΩt
sqls − qkt) + 2Ωkm(Ωtsqsn − Ωnsqst)
+2Ωn
mΩk
sqst + 2δ
m
t (Ωn
lΩk
sqls − qnk)
}
qkt = 0 , (2.26)
which is the expanded version of the obvious identity
δm[nΩk
lΩt
sqls]q
kt = 0 . (2.27)
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2.4 SO(4)× SO(4) R-symmetry
When M = 0, the (anti)commutator of the dynamical and kinematical supersymmetry gener-
ators yields only the translation in the transverse direction. When M 6= 0, we also find terms
quadratic in q’s, which can be organized in terms of the SO(8) R-symmetry group generators
(of the M = 0 theory) [18]
Tmn = −
1
Z
(qmqn − 1
4
δmn q
kqk), T = − 1
4Z
(qkqk − qkqk)
Tmn = − 1
Z
qmqn, Tmn = − 1
Z
qmqn . (2.28)
Explicitly, we find that
{qm, Qn} = −
√
2δmn ∂ + i
√
2MSmn
{qm, Qn} = i
√
2MSmn, {qm, Qn} = −i
√
2MSmn , (2.29)
where we defined
Smn = T
m
k Ωn
k + T knΩk
m − δmn T kl Ωkl − TΩnm
Smn = Ωm
kTnk − ΩnkTmk, Smn = Ωmk T nk − ΩnkTmk . (2.30)
We will now show that these generators generate the SO(4) × SO(4) subgroup of SO(8). We
will see that Snm contains 8 independent hermitian generators of which two (the trace, iS
m
m , and
the Ω-trace, Ωm
nSmn ) commute with the other six. These six generators form one of SO(4)’s,
whereas the two trace generators combine with 4 independent hermitian generators inside Smn
and Smn to form another SO(4). To see this, we first introduce parameters ωmn, ωmn = (ω
mn)∗
and αnm = (α
m
n )
∗ for the R-symmetry transformations, and define
δωφ = −1
2
(ωmnSmn − ωmnSmn)φ, δαφ = αnmSmn φ . (2.31)
More explicitly,
δωφ =
1
Z
(
ωmnΩm
kqnk − ωmnΩkmqnk
)
φ
δαφ = α
n
m
[
Ωn
m
(
− 1 + 1
Z
qkqk
)
+ δmn
( 1
Z
Ωk
lqkql
)
− 1
Z
(
Ωn
kqmqk +Ωk
mqkqn
)]
φ . (2.32)
The six ’t Hooft matrices, (ηa)mn and (η˜a)mn (see Appendix A), form a basis in the space of
antisymmetric 4 by 4 matrices, and so we write
ωmn = ω1η1 + ω2η2 + ω3η3 + ω˜1η˜1 + ω˜2η˜2 + ω˜3η˜3
ωmn = ω
∗
1η1 + ω
∗
2η2 + ω
∗
3η3 + ω˜
∗
1η˜1 + ω˜
∗
2η˜2 + ω˜
∗
3η˜3 . (2.33)
Conveniently enough, the products of ’t Hooft matrices, (ηaη˜b)mn, together with the unit matrix
I4 = δmn form a basis for all symmetric 4 by 4 matrices. This allows us to represent the hermitian
matrix αnm as
αnm = a0I4 + a11η1η˜1 + a22η2η˜2 + a33η3η˜3
+a12η1η˜2 + a13η1η˜3 + a21η2η˜1 + a23η2η˜3 + a31η3η˜1 + a32η3η˜2
+i(a1η1 + a2η2 + a3η3 + a˜1η˜1 + a˜2η˜2 + a˜3η˜3) , (2.34)
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where in the first, second and third lines we have, respectively, the diagonal, symmetric off-
diagonal and antisymmetric matrices. All 16 coefficients a’s are real, whereas the 6 coefficients
ω’s are complex. However, many of them drop out from δωφ and δαφ in (2.32) for symmetry
reasons. With Ωm
n = (η3)mn, we find that only
ω1, ω2; a0, a3, a˜1, a˜2, a˜3, a31, a32, a33 (2.35)
contribute. This constitutes 12 real parameters, which matches the dimension of SO(4)×SO(4).
More explicitly, substituting (2.33) and (2.34) into (2.32), we find that
δωφ =
(
− ω1W 2 − ω∗1W2 + ω2W 1 + ω∗2W1
)
φ
δαφ = 2
[
a0V + a3aBa − i(a3U + a˜aAa)
]
φ , (2.36)
where a = 1, 2, 3 and we defined
Wa = (ηa)mn
1
Z
qmn, W a = (ηa)mn
1
Z
qmn
U = −2 + 1
Z
qkqk, V = Ωm
n 1
Z
qmqn
Aa = (η3η˜a)mn
1
Z
qmqn, Ba = (η˜a)mn
1
Z
qmqn . (2.37)
The hermiticity (or complex conjugation [17]) properties of these generators are
U∗ = U, V ∗ = −V, W ∗a = −W a, A∗a = Aa, B∗a = −Ba . (2.38)
Reorganizing them into the following four triplets of hermitian generators
X1 = −1
8
(W2 −W 2) + i
8
(W1 +W 1), Y1 =
1
8
(W2 −W 2) + i
8
(W1 +W 1)
X2 = +
1
8
(W1 −W 1) + i
8
(W2 +W 2), Y2 =
1
8
(W1 −W 1)− i
8
(W2 +W 2)
X3 =
1
4
(U − iV ), Y3 = 1
4
(U + iV )
Ra = −1
2
(Aa + iBa), La =
1
2
(Aa − iBa) , (2.39)
we find that
[Xa,Xb] = iεabcXc , (2.40)
and similarly for Ya, Ra and La, whereas all other commutators vanish. This proves that the
R-symmetry group of the mass-deformed theory is SU(2) × SU(2) × SU(2) × SU(2), which is
the same as SO(4)× SO(4).
On another hand, it is also instructive to see how the R-symmetry transformations act on
the scalars. Projecting (2.32) to find the corresponding variations of A and Cmn, and using
(2.19) together with (2.12), we find after a little algebra that
δRX
3 = 4(−a3X4 − b2X5 + b1X6), δRX7 = 4(−a˜1X8 − a˜2X9 − a˜3X10)
δRX
4 = 4(a3X
3 − c2X5 + c1X6), δRX8 = 4(a˜1X7 + a33X9 − a32X10)
δRX
5 = 4(b2X
3 + c2X
4 + a0X
6), δRX
9 = 4(a˜2X
7 − a33X8 + a31X10)
δRX
6 = 4(−b1X3 − c1X4 − a0X5), δRX10 = 4(a˜3X7 + a32X8 − a31X9) , (2.41)
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where δR = δω + δα, and we defined ω1,2 = b1,2 + ic1,2. This clearly shows the SO(4) × SO(4)
structure of the surviving R-symmetry transformations.
2.5 Hamiltonian as a quadratic form
The on-shell Lagrangian, obtained by substituting (2.9) into (2.1), can be easily transformed
into the superfield form,
L = 1
2
XI( −M2)XI − i
2
Ψ+Γ−
1
2∂+
(−M2)Ψ+
= A(−M2)A+ 1
4
Cmn(−M2)Cmn + i√
2
χm
1
∂+
(−M2)χm
= −1
8
∫
d4θd4θ
{
φ
1
∂+2
(−M2)φ
}
, (2.42)
where we used that∫
d4θd4θ(. . . ) = d[4]d[4](. . . )| =
1
4!
εijkld
ijkl 1
4!
εmnpqdmnpq(. . . )| . (2.43)
The LC Hamiltonian (defined with respect to the LC “time” x+) is then 4
H ≡ δL
δ(∂−φ)
∂−φ− L = 1
8
∫
d4θd4θ
{
φ
1
∂+2
(∂2 −M2)φ
}
, (2.44)
where we used that  = ∂2 − 2∂+∂−. We claim that this can be rewritten as a quadratic form
in the dynamical supersymmetry transformations,
H = i
16
√
2
∫
d4θd4θ
{
(Qmφ)
1
∂+
(Qmφ)
}
. (2.45)
The proof is the same as in [15], because, thanks to the following identity
2ZΩm
nqn +Ωm
n[qk, qnk] + Ωk
n[qnm, q
k] = 0 , (2.46)
we can simply integrate by parts with Qm. Using (2.20), we then find that
H = − i
32
√
2
∫
d4θd4θ
(
φ
1
∂+
{Qm, Qm}φ
)
, (2.47)
after which we use (2.25) to confirm the quadratic form property of the Hamiltonian.
2.6 Dynamical Lorentz boost
When M = 0, conformal invariance allows the dynamical boost generator, J −, to be calculated
by commuting the Hamiltonian shift generator, P−, with the kinematical generator of special
conformal transformations, K+ [18]. Once M 6= 0, the conformal invariance is broken and J −
4
H should really be called the Hamiltonian density. The Hamiltonian is H =
∫
dx−dx2 H. We will work with
H while freely dropping total ∂+ = −∂− and ∂ = ∂2 derivatives, which is justified once we go back to H .
9
has to be derived from scratch. To do so, we start from the covariant form of the Lorentz
transformations (2.3). Defining δJ− as the part of δλ multiplied by λ2−, we find that
δJ−X
I = (x∂− − x−∂+)XI
δJ−Ψ+ = (x∂− − x−∂+)Ψ+ +
1
2∂+
(∂ +MΓ2Γ3456)Ψ+ , (2.48)
where as usual we set x+ = 0 and substituted (2.9) for Ψ−. Reducing this to the variation of
the superfield component fields, we obtain
δJ−A =
(
x∂− − x−∂
)
A
δJ−χm =
(
x∂− − x−∂ + ∂
2∂+
)
χm +
iM
2∂+
Ωm
nχn
δJ−Cmn =
(
x∂− − x−∂
)
Cmn . (2.49)
The superfield expression for the M -independent part of δJ−φ follows easily by comparison
with [18]. To find the corresponding expression for the O(M) part, we observe that, with the
R-symmetry generators U and V defined in (2.37), we have
iU(A, χm, Cmn, χ
m, A) = (−2iA, −iχm, 0, iχm, 2iA)
V (A, χm, Cmn, χ
m, A) = (0, Ωm
nχn, Ωm
kCkn − ΩnkCkm, Ωnmχn, 0) , (2.50)
and therefore
iUV (A, χm, Cmn, χ
m, A) = (0, −iΩmnχn, 0, −iΩnmχn, 0) . (2.51)
It then follows that
δJ−φ =
(
x∂− − x−∂ + (1
2
N − 1) ∂
∂+
)
φ− iM
2∂+
UV φ , (2.52)
where N = θm∂m + θm∂m = 4 + 1Z (qmdm + qmdm) [18] and
∂− =
1
2∂+
(∂2 −M2) . (2.53)
We thus have found the mass deformation of all the (non-conformal) dynamical generators of
the (abelian) BLG theory. The kinematical (non-conformal) generators receive noM -dependent
modifications, and are the same as in [18]. The conformal symmetries (dilatations, special
conformal and superconformal) are, obviously, broken by the mass deformation. In the next
section, we will discuss the non-abelian generalization of these results.
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3 The full mass-deformed BLG theory
In this section, we extend the preceding results to the case when f bcda is non-zero. The mass
deformation of the supersymmetry transformations has no terms with M multiplying f bcda, and
so (2.23) generalizes trivially. The R-symmetry generators are all kinematical, and receive no
modifications from the f ’s. The difficult part is to verify that the full LC superspace Hamiltonian
can still be written as a quadratic form in the dynamical supersymmetry transformations. We
will show that this is, indeed, the case.
3.1 Supersymmetry transformations
The complete supersymmetry transformations of the mass-deformed BLG theory are [4, 5, 22]
δǫX
I
a = iǫΓ
IΨa
δǫΨa = DµX
I
aΓ
µΓIǫ− 1
6
XIbX
J
c X
K
d f
bcd
aΓ
IJKǫ−MΓ3456ΓIXIaǫ
δǫA˜µ
b
a = iǫΓµΓ
IXIcΨdf
cdb
a , (3.1)
where f bcda are totally antisymmetric in the upper indices, and satisfy the Fundamental Identity
[23]
f [efgdf
c]db
a = 0 . (3.2)
The commutator of these transformations closes into the translation, gauge transformation and
an M -dependent R-symmetry transformation, plus terms proportional to the equations of mo-
tion. To derive the LC superspace transformation laws, we need to go through the following
steps [17]
• fix the LC gauge A˜−ba = 0;
• solve equations of motion for dependent field components (A˜+ba, A˜2ba and Ψa−);
• modify supersymmetry transformations by adding compensating gauge transformations
required to stay in the gauge;
• find the modified supersymmetry transformations of Aa, Cmna and χma;
• guess and confirm the corresponding superfield transformation law.
As the equation of motion for A˜µ
b
a is not affected by the mass-deformation, the expressions for
A˜+
b
a and A˜2
b
a remain the same as in [17]. As there are no M -dependent corrections to δǫA˜µ
b
a,
the parameters of the compensating gauge transformations Λ˜ba are also the same as in [17]. The
equation of motion for Ψa is
ΓµDµΨa +
1
2
ΓIJΨbX
I
cX
J
d f
bcd
a +MΓ3456Ψa = 0 , (3.3)
and so the expression for Ψa− is modified. However, as the M -dependent term comes without
f bcda, its effect on the supersymmetry transformation of φa is exactly the same as in the f
bcd
a = 0
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case considered in Section 2. 5 Therefore, combining (2.23) with the results of [17], we conclude
that the full LC superspace transformation laws in the mass-deformed BLG theory are
δǫ−φa =
√
2(αmqm − αmqm)φa
δǫ+φa = (β
mQm − βmQm)φa + iβmWma +
d[4]
2∂+2
(iβmWma) , (3.4)
where Q’s are given in (2.24), and
Wma = −
i
3
√
2
εmnkl
1
∂+
(
∂+φb · 1
∂+
(∂+φc · qnklφd + 3∂+qnφc · qklφd)
)
f bcda
Wma = − i
3
√
2
εmnkl
1
∂+
(
∂+φb · 1
∂+
(∂+φc · qnklφd + 3∂+qnφc · qklφd)
)
f bcda . (3.5)
Note that we chose the form ofW ’s that involves q’s instead of d’s (see (7.43) in [17]). As we will
see, with this choice the proof of the quadratic form property of the LC superspace Hamiltonian
simplifies tremendously (cf. [18]).
3.2 The Lagrangian and the LC Hamiltonian
In order to write down the Lagrangian invariant under the supersymmetry transformations (3.1),
we need a metric hab for raising and lowering the gauge indices. Requiring that the resulting
fabcd ≡ fabcehed is totally antisymmetric, the Lagrangian is given by
L = LBLG + LM
LBLG = −1
2
(DµX
I
a)(D
µXIa) +
i
2
ΨaΓ
µDµΨa +
i
4
ΨbΓIJX
I
cX
J
dΨaf
bcda
+
1
2
εµνλAµab(∂νA˜λ
ab +
2
3
A˜ν
a
cA˜λ
cb)− 1
12
fabcdf efgdX
I
aX
J
b X
K
c X
I
eX
J
fX
K
g
LM = −M
2
2
XIaX
I
a +
i
2
MΨaΓ3456Ψa − 4Mfabcd(X3aX4bX5cX6d +X7aX8bX9cX10d ) , (3.6)
where DµΨa = ∂µΨa − A˜µbaΨb with A˜µba = f cdbaAµcd. In the LC gauge, with all the de-
pendent fields substituted into the Lagrangian (as in [19] but in the conventions of [17]), the
Ψ-independent part of the Lagrangian reduces to LX = −XIa∂+∂−XIa −HX where
HX = −1
2
XIa(∂
2 −M2)XIa − fabcd(XIa∂XIb )
1
∂+
(XJc ∂
+XJd )
+
1
2
fabcdfab
′c′d′(XIbX
I
b′) ·
1
∂+
(XJc ∂
+XJd ) ·
1
∂+
(XKc′ X
K
d′ )
+
1
12
fabcdfab
′c′d′(XIbX
I
b′)(X
J
c X
J
c′)(X
J
dX
J
d′)
+4Mfabcd(X3aX
4
bX
5
cX
6
d +X
7
aX
8
bX
9
cX
10
d ) . (3.7)
The first three lines are SO(8) invariant and can be rewritten in terms of A’s and C’s using
XIX ′I = AA′ +AA′ +
1
2
CmnC
′mn . (3.8)
The O(M) part of the LC Hamiltonian breaks SO(8) down to SO(4)×SO(4). Its form in terms
of A’s and C’s is given in equation (C.20) of Appendix C.
5 Similar analysis shows that our result (2.52) captures all the M -dependence of the dynamical Lorentz boost,
δJ−φa. Note that ∂
−φa there receives an additional O(M) correction, which can be deduced from the full
Hamiltonian.
12
3.3 Hamiltonian as a quadratic form
According to (3.4), we have δǫ+φa = δβQφa + δβQφa where
δβQφa = βm(−Qmφa + iWma ), δβQφa =
d[4]
2∂+2
(δβQφa)
∗
(δβQφa)
∗ = βm(Qmφa + iWma) . (3.9)
We therefore expect that the quadratic form property of the Hamiltonian with fabcd = 0, see
(2.45), generalizes to
H = i
16
√
2
∫
d4θd4θ (Qmφa + iWma)
1
∂+
(Qmφa − iWma ) . (3.10)
Expanding in powers of f ’s, we have H = H(0) +H(1) +H(2), where
H(0) = i
16
√
2
∫
d4θd4θ (Qmφa)
1
∂+
(Qmφa)
H(1) = − 1
16
√
2
∫
d4θd4θ (Qmφa)
1
∂+
Wma + c.c.
H(2) = i
16
√
2
∫
d4θd4θ Wma
1
∂+
Wma . (3.11)
We have already verified that H(0) reproduces the corresponding part in (3.7). In Appendices C
and D, we show that the same is true for the O(f) and O(f2) parts. Kinematical supersymmetry
then guarantees that the Ψ-dependent part of H is reproduced correctly as well. The quadratic
form property of the LC superspace Hamiltonian is therefore rigorously established.
4 Summary and discussion
In this paper, we have analyzed the mass-deformed BLG theory [4, 5] from the LC superspace
point of view [12]. We found that the mass deformation is treated as an interaction in the sense
that the (surviving) kinematical symmetry generators [18], including the kinematical supersym-
metry generators q’s, are not modified by it. 6 The (surviving) dynamical symmetry generators,
the dynamical supersymmetriesQ’s, the Hamiltonian shift P−, and the dynamical Lorentz boost
J−, all receive M -dependent corrections.
The modification of the Q’s is the simplest, but non-trivial: it is linear in M , independent
of f bcda, proportional to Ωm
n and cubic in the q’s. The matrix Ω carries SU(4) indices and
specifies a quaternionic direction in the algebra of SO(4) ⊂ SU(4). It plays the key role in
reducing the SO(8) R-symmetry of the BLG theory down to SO(4) × SO(4).
The P− can be determined either from the commutator of two Q’s or as a functional deriva-
tive of the LC superspace Hamiltonian H [18]. The resulting expression is complicated, and
has both O(M) and O(M2) parts. However, H itself is extremely simple, being given by the
quadratic form (3.10).
6 Other kinematical generators, including the conformal ones and part of the SO(8) R-symmetry, cease to
represent symmetries when the mass M is introduced.
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The M -independent part of J− can be derived by commuting P− with the kinematical
special conformal generator K+ [18]. Most of its M -dependence then comes from adjusting the
value of ∂−, encoded in the Hamiltonian. Its remaining O(M) part, see (2.52), turns out to be
given by a single term quadratic in the surviving R-symmetry generators.
The quadratic form property of the LC superspace Hamiltonian H has been established via
an explicit calculation. We extended the proof of [18] to the quadratic order in fabcd, as well
as proved that the same quadratic form correctly describes the M -dependent parts of H. Still
lacking, however, is the fundamental understanding of this property (first observed in [15]). It
appears to be rooted into maximal supersymmetry, which in turn imposes the reality (“inside-
out”) constraint (2.20) on the superfield φ [12] and leads to the quadratic form property at
the O(f0) level. Presumably, the preservation of this property while turning on the structure
constants f ’s can be attributed to analyticity of extended supersymmetry [24].
The mass deformation of the BLG theory serves as a supersymmetry preserving IR regulator,
and therefore we expect that the analysis performed in this paper should be useful for studying
quantum properties of the BLG theory in LC superspace.
It would also be very interesting to understand the LC superspace formulation of theories
with less-than-maximal supersymmetry (such as [25, 26]). In particular, to study deviations
from the quadratic form property of the LC superspace Hamiltonians in these cases.
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A Gamma matrices and ’t Hooft symbols
The representation of the d = 11 gamma matrices that we use is as follows [17]
Γ0 = −i(I2 ⊗ σ1)⊗ (I4 ⊗ I2), Γ5 = −i(I2 ⊗ σ3)⊗ (η1 ⊗ σ1)
Γ1 = i(σ3 ⊗ iσ2)⊗ (I4 ⊗ I2), Γ6 = −i(I2 ⊗ σ3)⊗ (η2 ⊗ σ1)
Γ2 = (I2 ⊗ σ3)⊗ (I4 ⊗ σ3), Γ7 = −i(I2 ⊗ σ3)⊗ (η3 ⊗ σ1)
Γ3 = i(σ1 ⊗ iσ2)⊗ (I4 ⊗ I2), Γ8 = −(I2 ⊗ σ3)⊗ (η˜1 ⊗ iσ2)
Γ4 = i(σ2 ⊗ iσ2)⊗ (I4 ⊗ I2), Γ9 = −(I2 ⊗ σ3)⊗ (η˜2 ⊗ iσ2)
Γ10 = −(I2 ⊗ σ3)⊗ (η˜3 ⊗ iσ2) ,
where the Pauli matrices σa, a = 1, 2, 3, are standard
I2 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, iσ2 =
(
0 1
−1 0
)
, σ3 =
(
1 0
0 −1
)
, (A.1)
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and the ’t Hooft symbols ηamn and η˜amn are given by
η1 = +σ1 ⊗ iσ2 =

+
+
−
−
 η˜1 = −iσ2 ⊗ σ1 =

−
+
−
+

η2 = −σ3 ⊗ iσ2 =

−
+
+
−
 η˜2 = −I2 ⊗ iσ2 =

−
−
+
+

η3 = +iσ2 ⊗ I2 =

+
−
+
−
 η˜3 = +iσ2 ⊗ σ3 =

+
−
−
+
 . (A.2)
They satisfy σaσb = I2δab + iεabcσc and
7
ηaηb = −I4δab − εabcηc, ηaη˜b = η˜bηa, η˜aη˜b = −I4δab − εabcη˜c . (A.3)
Note that η1η2η3 = η˜1η˜2η˜3 = I4. The only independent products, therefore, are
η1η˜1 =

+
−
−
+
 , η1η˜2 =

+
+
+
+
 , η1η˜3 =

+
−
+
−

η2η˜1 =

+
+
−
−
 , η2η˜2 =

−
+
−
+
 , η2η˜3 =

+
+
+
+

η3η˜1 =

+
+
+
+
 , η3η˜2 =

−
+
+
−
 , η3η˜3 =

−
−
+
+
 . (A.4)
The d = 11 charge conjugation matrix is
C = i(iσ2 ⊗ σ3)⊗ (I4 ⊗ σ1) , (A.5)
and it is used to define the conjugated spinors ǫ = ǫTC and Ψ = ΨTC. We also observe that
Γ012 = −(σ3 ⊗ I2)⊗ (I4 ⊗ σ3)
Γ3456 = i(σ3 ⊗ I2)⊗ (η3 ⊗ I2)
Γ789(10) = i(I2 ⊗ I2)⊗ (η3 ⊗ σ3) , (A.6)
7 The (I4, ηa) and (I4, η˜a) are two representations of quaternions as SO(4) rotation matrices corresponding to
left- and right-multiplication of quaternions, respectively (see e.g. [27]).
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from which Γ789(10) = −Γ3456Γ012 follows. Finally, our conventions [17] are such that{
M4 ⊗
(
amn b
mn
cmn dm
n
)}(
ψn
ψn
)
=
(
M4(amnψn + bmnψn)
M4(cmnψn + dmnψn)
)
, (A.7)
where the 4 by 4 matrix M4 acts on the (implicit) spinor indices of ψ’s.
B Useful identities
The self-dual tensor Cmn, satisfying
(Cmn)
∗ = Cmn =
1
2
εmnklCkl , (B.1)
enjoys many interesting identities. The basic identity that we need is
(Cik, C
jk) + (Cjk, Cik) =
1
2
(C1, C1)δ
j
i , (B.2)
where (C1, C1) ≡ (Cmn, Cmn) = (Cmn, Cmn). Using the shorthand notation C12 ≡ Ci1i2 , etc.,
we find that
(C12, C
23, C34, C
41) + (C23, C12, C34, C
41) =
1
2
(C1, C1, C2, C2) , (B.3)
where we underlined the two C’s to which the identity (B.2) is applied. Noting that[
(C12, C
23, C34, C
41) + (C23, C12, C34, C
41)
]
−
[
(C23, C12, C34, C
41) + (C34, C12, C
23, C41)
]
+
[
(C34, C12, C
23, C41) + (C34, C
23, C12, C
41)
]
= 2(C12, C
23, C34, C
41) , (B.4)
we deduce the following identity
(C12, C
23, C34, C
41) =
1
4
{
(C1, C1, C2, C2)− (C1, C2, C1, C2) + (C1, C2, C2, C1)
}
. (B.5)
Denoting the LHS of (B.4) as “(12/23) − (23/34) + (12/23),” we find that the corresponding
sequence needed to similarly reduce (C12, C
23, C34, C
45, C56, C
61) is
(12/23) − (23/34) + (34/45) − (12/23) + (23/34) − (12/23) + (56/61)
= (C12, C
23, C34, C
45, C56, C
61) + (C45, C34, C
23, C12, C
61, C56) , (B.6)
which yields
(C12, C
23, C34, C
45, C56, C
61) + c.c. =
1
2
{
(C5, C5, C12, C
23, C34, C
41)
−(C5, C12, C5, C23, C34, C41) + (C5, C12, C23, C5, C34, C41)
−(C12, C5, C5, C23, C41, C34) + (C12, C5, C23, C5, C41, C34)
−(C12, C23, C5, C5, C41, C34) + (C12, C23, C34, C41, C5, C5)
}
. (B.7)
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Now the identity (B.5) can be applied and we find 21 terms on the RHS, of which 6 terms cancel
upon relabelling of indices. The remaining 15 terms combine in a particularly nice way if we
order the C’s as follows
(C12, C
61, C56, C
23, C34, C
45) + c.c. = −1
8
{
522(511 + 115 − 151)
+(512 − 521)(512 + 125 − 152) + (112 − 121)(255 + 552 − 525)
}
, (B.8)
where 522511 ≡ (C5, C2, C2, C5, C1, C1), etc.
C The linear in f abcd part of the Hamiltonian
The O(f) part of the quadratic form Hamiltonian (3.10) is given by
H(1) = − 1
16
√
2
d[4]
{
Qmd[4]φa ·
1
∂+
Wma
}
|
+ c.c. , (C.1)
where we used (2.43) and the fact that dnWma = 0. For the M -independent part, we have
H(1)BLG = −
1
48
fabcdεmnkl ×
×d[4]
{ ∂
∂+
qmφa · ∂+φb · 1
∂+
(∂+φc · qnklφd + 3∂+qnφc · qklφd)
}
|
+ c.c. (C.2)
For the “C-only” part of the projection, only the term with “3” contributes, and there is only
one way in which the four derivatives in d[4] = 14!εrstud
rstu should be distributed among the four
φ’s. We thus immediately find that 8
H(1)
BLG|C4 =
1
2
∂
∂+
Cmn · ∂+Cmi · 1
∂+
(∂+Cij · Cnj) + c.c. (C.3)
This corresponds to equation (H.10) in [18], which there took much more effort to derive. Our
simplified derivation is the consequence of using the expression of Wma in terms of q’s (rather
than in terms of d’s). Using the identity (B.5) and the antisymmetry of fabcd, we find
H(1)
BLG|C4 =
1
4
{ ∂
∂+
C1 · ∂+C2 · 1
∂+
(∂+C2 · C1 − ∂+C1 · C2) + ∂
∂+
C1 · ∂+C1 · 1
∂+
(∂+C2 · C2)
}
=
1
4
∂
∂+
C1 · ∂+
[
C1 · 1
∂+
(∂+C2 · C2)
]
= −1
4
∂C1 · C1 · 1
∂+
(∂+C2 · C2) , (C.4)
which agrees with (3.7). We verified that H(1)
BLG|A2C2 and H
(1)
BLG|A4 match with (3.7) as well,
together with H(1)
BLG|C4 giving
H(1)
BLG|X = −(A · ∂A+A · ∂A+
1
2
C1 · ∂C1) · 1
∂+
(A · ∂+A+A · ∂+A+ 1
2
C2 · ∂+C2) . (C.5)
Turning to the M -dependent part of H(1), we find that
H(1)M = −
M
48
√
2
fabcdεmnkl ×
×d[4]
{ 1
∂+2
V mφa · ∂+φb · 1
∂+
(∂+φc · qnklφd + 3∂+qnφc · qklφd)
}
|
+ c.c. , (C.6)
8 It is convenient to keep the gauge indices, together with fabcd, implicit. The antisymmetry of fabcd translates
into the fermionic-like behavior of the four objects separated by the central dots.
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where
V m ≡ ZΩnmqn +Ωnmqkqnk +Ωnkqkqmn , (C.7)
which has the following projections
drV mφ| = −ZΩprdpmφ|, εrstudrstV mφ| = −12ZΩum∂+2φ| . (C.8)
Acting with d[4] = 14!εrstud
rstu, we easily find that the “A-only” part of H(1)M vanishes,
H(1)
M |A4 = 0 , (C.9)
as it is proportional to Ωm
m = 0. For the part with two A’s and two C’s, we find
H(1)
M |A2C2 =
i
2
MΩn
m
{ 1
∂+
Cnk · ∂+Cmk · 1
∂+
(A · ∂+A) +A ·A · 1
∂+
(∂+Cnk · Cmk)
− 1
∂+
Cnk ·A · 1
∂+
(∂+Cmk · ∂+A) + 1
∂+
Cnk · A · 1
∂+
(∂+2A · Cmk)
}
+ c.c. (C.10)
Using the total antisymmetry of fabcd, complex conjugation rules
(A)∗ = A, (Cmn)∗ = Cmn, (Ωmn)∗ = −Ωnm , (C.11)
and the following identity
Ωn
m(Cni, Cmi) = −Ωnm(Cmi, Cni) , (C.12)
which follows from (B.2) and Ωm
m = 0, it is straightforward to prove that
H(1)
M |A2C2 = iMΩn
m(Cnk · Cmk ·A ·A) . (C.13)
For the “C-only” part, we find
H(1)
M |C4 = −
i
2
MΩk
m(
1
∂+
Ckn · ∂+Cmi · 1
∂+
(∂+Cij · Cnj)) + c.c. (C.14)
In order to simplify this, it helps to split iΩk
mCkn into two parts, symmetric in mn and anti-
symmetric in mn,
Smn =
1
2
(V mn + V nm), Amn =
1
2
(V mn − V nm); V mn ≡ iΩkmCkn . (C.15)
Note that (Amn)∗ = −12εmnklAkl. Using (B.2), we find that
1
∂+
Amn · ∂+Cmi · 1
∂+
(∂+Cij · Cnj) = −1
4
Amn · Cmn · 1
∂+
(∂+Cij · Cij) . (C.16)
As this expression is purely imaginary, Amn does not contribute to H(1)
M |C4 . Turning to the
contribution of Smn, we note that (B.2) and SmnCmn = 0 imply that (S
mn, Cmi, C
ij, Cnj) is
totally antisymmetric in the last three arguments. It is then straightforward to show that
1
∂+
Smn · ∂+Cmi · 1
∂+
(∂+Cij · Cnj) = 1
6
(Smn · Cij · Cmi · Cnj) , (C.17)
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which is real. As a result,
H(1)
M |C4 = −
i
6
MΩk
m(Ckn · Cij · Cmi · Cnj) . (C.18)
Finally, using that Ωm
n = (η3)mn and the expressions (2.12), we find
Ωn
m(Cnk · Cmk ·A ·A) = Ωnm(Cmk · Ckn ·A ·A)
= 2!Tr(η3η1η2)
1
2
(X5 ·X6 · A · A)
= 4(X5 ·X6 ·A ·A)
= −4i(X5 ·X6 ·X3 ·X4) ,
Ωk
m(Ckn · Cij · Cmi · Cnj) = Ωkm(Cmi · Cij · Cjn · Cnk)
= 4!Tr(η3η3η˜1η˜2η˜3)
1
4
(X7 · (−iX8) · (iX9) · (−iX10))
= 4!i(X7 ·X8 ·X9 ·X10) , (C.19)
so that the sum of (C.9), (C.13) and (C.18) gives
H(1)
M |X = iMΩn
m(Cnk · Cmk · A · A)− i
6
MΩk
m(Ckn · Cij · Cmi · Cnj)
= 4M(X3 ·X4 ·X5 ·X6 +X7 ·X8 ·X9 ·X10) , (C.20)
in agreement with (3.7).
D The quadratic in f abcd part of the Hamiltonian
The part of the quadratic form Hamiltonian (3.10) quadratic in fabcd is
H(2) = i
16
√
2
∫
d4θd4θ Wma
1
∂+
Wma . (D.1)
More explicitly,
H(2) = i
16
√
2 · 18εmnpqε
mrstfabcdfab
′c′d′d[4]d[4]
×
{
∂+φb · 1
∂+
(∂+φc · qnpqφd + 3∂+qnφc · qpqφd)
· 1
∂+3
(∂+φb′ · 1
∂+
(∂+φc′ · qrstφd′ + 3∂+qrφc′ · qstφd′))
}
|
. (D.2)
Thanks to our choice of writing W ’s in terms of q’s, d[4] =
1
4!ε
ijkldijkl goes through the second
line (since dmφ = 0). Acting on the third line, d[4] yields 30 different terms. Then we have to
act with d[4] = 14!εαβγδd
αβγδ , with each derivative capable of hitting each of the six φ’s in each
of the 60 terms. Some of the resulting terms vanish as dmφ = 0, but still many remain. Instead
of writing them all at once, it helps to organize the terms by their field content. Concentrating
on the “A-only” part of H(2), we collect terms with 0 or 4 d’s (or q’s, which become d’s upon
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projection) remaining on each φ after {dm, dn} = −Zδmn is used. We find
H(2)|A6 =
i
16
√
2 · 18εmnpqε
mrst 1
4!
εijkl
1
4!
εαβγδ(−4)∂+φ · 1
∂+
(∂+φ · dαqnpqφ)
· 1
∂+3
[
4∂+dβγδdijkφ · 1
∂+
(∂+φ · dlqrstφ)
+3× 6∂+dβγdijφ · 1
∂+
(2∂+dδdkφ · dlqrstφ+ ∂+φ · dδdklqrstφ)
+3× 4∂+dβdiφ · 1
∂+
(3∂+dγδdjkφ · dlqrstφ− 2× 3∂+dγdjφ · dδdklqrstφ
+∂+φ · dγδdjklqrstφ)
+∂+φ · 1
∂+
(4∂+dβγδdijkφ · dlqrstφ+ 3× 6∂+dβγdijφ · dδdklqrstφ
+3× 4∂+dβdiφ · dγδdjklqrstφ+ ∂+φ · dβγδdijklqrstφ)
]
, (D.3)
where we omitted fabcdfab
′c′d′ while keeping the order of φ’s fixed. After a bit of algebra, we
find that the 10 terms inside the square bracket combine into the ∂+3 derivative of a single term.
Rewriting the result in terms of A’s, we obtain
H(2)|A6 = 4fabcdfab
′c′d′Ab · 1
∂+
(Ac · ∂+Ad) ·Ab′ · 1
∂+
(Ac′ · ∂+Ad′) . (D.4)
Comparing this with the corresponding part in (3.7), we find that the two expressions agree. 9
Turning to the “C-only” part of (D.2), we find that
H(2)|C6 =
i
16
√
2 · 18εmnpqε
mrst 1
4!
εijkl
1
4!
εαβγδ(−2× 6)∂+dαβφ · 1
∂+
(3∂+dγqnφ · qpqφ)
· 1
∂+3
[
4∂+dδdijkφ · 1
∂+
(3∂+dlqrφ · qstφ)
+6∂+dijφ · 1
∂+
(3∂+dδdklqrφ · qstφ− 6∂+dkqrφ · dδdlqstφ)
]
. (D.5)
The three terms inside the square bracket combine into the ∂+ derivative of a single term, and
rewriting the result in terms of C’s, we obtain
H(2)|C6 = ∂+Cij ·
1
∂+
(∂+Cni · Cmn) · 1
∂+2
[
∂+Cjk · 1
∂+
(∂+Ckl · C lm)
]
. (D.6)
The identity (B.8) allows to rewrite this as
H(2)|C6 = −
1
16
{
∂+C3 · 1
∂+
(∂+C2 · C2) · 1
∂+2
[
∂+C3 · 1
∂+
(∂+C1 · C1) + ∂+C1 · C1 · C3
]
+∂+C3 · C1 · C2 · 1
∂+2
[
∂+C3 · 1
∂+
(∂+C1 · C2) + ∂+C1 · C2 · C3
]
+∂+C1 · C1 · C2 · 1
∂+2
[
∂+C2 · 1
∂+
(∂+C3 · C3) + ∂+C3 · C3 · C2
]}
. (D.7)
9 The “A-only” part of the third line in (3.7) vanishes identically. Therefore, it would be incorrect to argue that
the matching of (D.2) with (3.7) for the “A-only” part, together with the SO(8) R-symmetry of H(2), guarantees
that they match for other parts as well.
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Each square bracket can be written as a total ∂+ derivative of a single term. The sum of the
1st and 3rd lines similarly yields a total ∂+ derivative on the first triplet of C’s. Finally, using
the following identity
∂+C3 · C1 · C2 · 1
∂+
[
C3 · 1
∂+
(∂+C1 · C2)
]
= −1
6
C1 · C2 · C3 · C1 · C2 · C3 , (D.8)
we find that
H(2)|C6 =
1
16
C1 · 1
∂+
(∂+C2 · C2) · C1 · 1
∂+
(∂+C3 · C3) + 1
96
C1 · C2 · C3 · C1 · C2 · C3 , (D.9)
which matches the corresponding part in (3.7). We also verified that the H(2)|A2C4 and H
(2)
|A4C2
parts of (D.2) and (3.7) match as well, giving
H(2)|A2C4 =
1
4
A · 1
∂+
(C1 · ∂+C1) ·A · 1
∂+
(C2 · ∂+C2) + 1
8
A · C1 · C2 ·A · C1 · C2
+
1
4
C1 · 1
∂+
(C2 · ∂+C2) · C1 · 1
∂+
(A · ∂+A+ c.c.) ,
H(2)|A4C2 = A ·
1
∂+
(A · ∂+A) ·A · 1
∂+
(C1 · ∂+C1) + c.c.
+ C1 · 1
∂+
(A · ∂+A) · C1 · 1
∂+
(A · ∂+A) . (D.10)
In the H(2)|A2C4 case, we had to use the identity (B.5). In all the cases, we used the [bcd] an-
tisymmetry of fabcd and performed various integrations by parts. However, surprisingly, the
Fundamental Identity (3.2) was never needed in this analysis.
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